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' >" Abstract 

0< ; 

, In this paper we establish the large deviation principle for the stochastic quasi-geostrophic 

(-^ ■ equation with small multiplicative noise in the subcritical case. The proof is mainly based 

. on the weak convergence approach. Some analogous results are also obtained for the small 

^ I time asymptotics of the stochastic quasi-geostrophic equation. 
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\q , 

2 ; 1 Introduction 

(N ; 

^ , The main aim of this work is to establish large deviation principles for the stochastic quasi- 
^ ! geostrophic equation, which is an important model in geophysical fluid dynamics. We consider 

^ ' the following two dimensional (2D) stochastic quasi-geostrophic equation in the periodic domain 
^1 = M7(27rZ)2: 

= -u{t,x) ■ V9{t,x) - K{-Ar9{t,x) + {Gm{t,x) (1.1) 

with initial condition 

9{0,x) = 9oix). (1.2) 

Here 0<a<l,K>0 are real numbers, 9{t, x) (representing the potential temperature) is 
a real- valued function of t and x, C,{t,x) is a Gaussian random field, white noise in time and 
subject to the restrictions imposed below, u (representing the fluid velocity) is determined by 
9 via the following relation: 

u = (m, U2) = {-R29, Ri9) = R^9, (1.3) 



•^Supported in part by NSFC (No. 11201234), a project funded by the PAPD of .Jiangsu Higher Edueation 
Institutions and the DFG through IRTG 1132 and CRC 701. 



1 



where Rj is the j-th periodic Riesz transform. The case a = 2 is called the critical case, the 
case a > I subcritical and the case a < | supercritical. 

Equation (1.1) is used to describe models arising in meteorology and oceanography. In the 
deterministic case {G = 0) such equations are important models in geophysical fluid dynam- 
ics. Indeed, they are special cases of general quasi-geostrophic approximations for atmospheric 
and oceanic fluid flows with small Rossby and Ekman numbers. These models arise under 
the assumptions of fast rotation, uniform stratification and uniform potential vorticity. The 
case a = 1/2 exhibits similar features (singularities) as the 3D Navier-Stokes equations and 
can therefore serve as a model case for the latter. For more details about the geophysical 
background, see for instance [7, 24]. In the deterministic case, this equation has been already 
intensively investigated because of both its intrinsic mathematical importance and its applica- 
tions in geophysical fluid dynamics (see e.g. [5, 8, 17, 18, 19, 27] and the references therein). 
For example, the global existence of weak solutions has been obtained in [27] and one very 
remarkable result in [5] proved the existence of a classical solution for a = | and the other in 
[19] proved that solutions for ot = \ with periodic data remain for all time. 

Recently, in [28] the two last named authors and Rongchan Zhu have studied the 2D stochas- 
tic quasi-geostrophic equation on for general parameter a G (0, 1) and for both additive as 
well as multiplicative noise. For the subcritical case a > \ the authors obtained a (probabilis- 
tically strong) solution. In this paper, we want to establish the large deviation principles for 
stochastic quasi-geostrophic equation both for small noise and for short time in the subcritical 
case. 

The large deviation theory concerns the asymptotic behavior of a family of random variables 
{6'g} and we refer to the monographs [9, 31] for many historical remarks and extensive references. 
It asserts that for some tail or extreme event A, P{9^ G A) converges to zero exponentially 
fast as e — and the exact rate of convergence is given by the so-called rate function. The 
large deviation principle was first established by Varadhan in [34] and he also studied the small 
time asymptotics of finite dimensional diffusion processes in [35]. Since then, many important 
results concerning the large deviation principle have been established. For results on the large 
deviation principle for stochastic differential equations in finite dimensional case we refer to 
[15]. For the extensions to infinite dimensional diffusions or SPDE, we refer the readers to 
[3, 6, 12, 21, 22, 26, 30, 32, 36] and the references therein. 

The large deviation principle for the stochastic quasi-geostrophic equation with small mul- 
tiplicative noise is proved in Section 3 and the small time large deviations for this equation in 
Section 4 in the subcritical case (i.e. a > |). The proof of small noise LDP is mainly based on 
the weak convergence approach from [2]. Compared to some recent works on LDP for SPDE 
(cf.[6, 21, 26]), the main difficulty here lies in dealing with the nonlinear term in (1.1) since the 
solution to the stochastic quasi-geostrophic equation is not as regular as in the case of SPDE 
within the variational framework (see [6, 21, 26] for many examples). For example, for 2D 
Navier-Stokes equation, the solution lies in the first order Sobolev space by which the nonlinear 
term can be dominated. Compared with this, the solution of the stochastic quasi-geostrophic 
equation only lies in H'^ (see definition below) and the nonlinear term cannot be handled as for 
2D Navier-Stokes equation. Here we use the regularity of solutions of the deterministic equa- 
tion to control the nonlinear term. Indeed, the solution of the deterministic quasi-geostrophic 
equation will be in if the initial value lies in (see Theorem A.l). Our main result on 
small noise large deviations for equation (1.1) is formulated in Theorem 3.9. The small time 
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large deviation principle describes the behavior of the temperature of the fluid when time is 
very small. The proof is mainly inspired by the approach from [36] . We first establish the large 
deviation principle on L°°([0, T], H) if the initial value is smooth (see Theorem 4.1). However, 
since the solution to the stochastic quasi-geostrophic equation is very irregular, we cannot ap- 
proximate the initial value similarly as in [36] for the 2D Navier-Stokes equation to obtain the 
result for more general initial value. In order to overcome this difficulty, we establish the small 
time large deviation principle with general initial value on a larger state space (see Theorem 
4.2). Here we use the L^-norm estimate to control the nonlinear term. But these L^-norm 
estimates we cannot prove by Galerkin approximation, instead we use another approximation 
which can be seen as a piecewise linear equation on small sub intervals (see (4.11)). 



2 Notations and preliminaries 

In the following, we will restrict ourselves to flows which have zero average on the torus, i.e. 

edx = 0. 
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Thus (1.3) can be restated as 

dtp dip 



u 



8x2 dxi ' 

Set 



and (-A)^/2^ = -e. 



H = {feL'{r): f fdx = 0} 
Jt2 



and let | ■ | and (■, ■) denote the usual norm and inner product in H respectively. On the periodic 
domain T^, it is well known that 

{sm{kx)\k e Zl} U {cos{kx)\k e 

form an eigenbasis (we denote it by {e^}) of —A and the corresponding eigenvalues are |/cp. 
Here 

Z\ = {{ki,k2) e Z^\k2 > 0} U{(A;i,0) G Z'^\ki > 0}, = {{ki,k2) E Z\-ki,-k2) G Z^}. 
Now we define 

k 

and let denote the (Sobolev) space of all / such that H/Hf/s is finite. 
Set A = (-A)^/2, then we have 

WfWu^ = |A7|. 

By the singular integral theory of Calderon and Zygmund (cf. [29, Chapter 3]), for any 
p G (1, oo), there exists a constant C{p) such that 

\\u\\L^<C{p)\\e\\L.. (2.1) 
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For fixed a G (0, 1), we define the linear operator 

Ao, : D{A^) = H^'^iT^) C H H, A^u = k{-A)"u. 

It is well known that Aa is positive definite and self-adjoint with the same eigenbasis as that 
of —A mentioned above. We denote the eigenvalues of A^ by < Ai < A2 < ■ ■ ■ and renumber 
the above eigenbasis correspondingly as ei, 62, ■ ■ ■ . 

We first recall the following product estimate (cf. [27, Lemma A. 4]). 

Lemma 2.1 Suppose that s > and p e (1, 00). If /, G C°°(T^) , then 

||A^(/^7)||l. < C(||/|U.,||A^(7|U., + \\9\M\A'f\M, (2.2) 
where pi G (1, 00), i = 1, 4 satisfy that 

1 _ 1 1 _ 1 1 
P Pi P2 P3 Pi 

For the reader's convenience we also recall the following standard Sobolev inequality (cf. [29, 
Chapter V]): 

Lemma 2.2 Suppose that g > l,p G [g, 00) and 

1 a _l 
p 2 q' 

If A""/ G L^, then we have f E and there is a constant C > (independent of /) such that 

II/IIl. <C||av||l.. 

3 Freidlin-Wentzell's large deviations in the subcritical 

case 

In this section, we consider the large deviation principle for the stochastic quasi-geostrophic 
equation with small multiplicative noise. Here we will use the weak convergence approach 
introduced by Budhiraja and Dupuis in [2]. Let us first recall some standard definitions and 
results from large deviation theory (cf. [11]). 

Let {X^} be a family of random variables defined on a probability space (fi, J-", P) taking 
values in some Polish space E. 

Definition 3.1 (Rate function) A function I : E ^ [0, cxd] is called a rate function if I is 
lower semicontinuous. A rate function / is called a good rate function if the level set {x & E : 
I{x) < M} is compact for each M < 00. 

Definition 3.2 (I) (Large deviation principle) The sequence {X'^} is said to satisfy the large 
deviation principle with rate function / if for each Borel subset A of E 

- inf I{x) < liminf e:logP(X^ G A) < limsupe logP(X^ G A) < - inf J(x), 

x£A° £-5-0 xeA 

where A° and A denote the interior and closure of A in respectively. 
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(II) (Laplace principle) The sequence {X^} is said to satisfy the Laplace principle with rate 
function / if for each bounded continuous real-valued function h defined on E 

lime log E{exp[--h{X')]} = - ini {h{x) + I{x)}. 

It is well known that the large deviation principle and the Laplace principle are equivalent if 
is a Polish space and the rate function is good. The equivalence is essentially a consequence 
of Varadhan's lemma and Bryc's converse theorem (cf. [11]). 

Suppose W{t) is a cylindrical Wiener process on a Hilbert space U (with inner product 
(■, ■)u and norm | ■ \u) defined on a probability space {Q, J^, J-'t, P) (i.e. the paths of W take 
values in C{[0,T],Y), where Y is another Hilbert space such that the embedding U G Y is 
Hilbert-Schmidt). Now we define 

A = 1^ : is a ?7-valued {J-'^j-predictable process s.t. J \(f){s)\'fjds < oo a.s. j> ; 

Sm = e L^{[0,T],U) : ^ \v{s)\lds < M 
Am = {(p eA: 0(w) e Sm, P-a.s.} . 

Here we remark that we will always refer to the weak topology on the set Sm in this paper. 

Suppose : C([0, T], F) — )■ _E is a measurable map and X'^ = g^(W). Now we formulate the 
following sufficient conditions for the Laplace principle (equivalently, large deviation principle) 
of as e 0. 

Hypothesis 3.3 There exists a measurable map g'^ : C{[0,T],Y) ^ E such that the following 
conditions hold: 

1) Let {v'^ : e > 0} C Am for some M < oo. If converge to v as S'M-valued random 
elements in distribution, then g'^{W{-) + Jq v'^{s)ds) converge in distribution to g^ij^ v{s)ds). 

2) For every M < oo, the set Km = {g^ifo v{s)ds) : v G Sm} is a compact subset of E. 

The following crucial result was proven in [2] (see also [1] for finite dimensional case). 
Theorem 3.4 ([2, Theorem 4.4]) If {g"^} satisfies Hypothesis 3.3, then {X"^} satisfies the 
Laplace principle (hence large deviation principle) on E with the good rate function / given by 

/(/)= ^ inf ^ ll r\vis)\lds]. (3.1) 



{v&LmO,T],U): f=gO{J^v{s)ds)} [2 

Now we reformulate (1.1)-(1.3) in the following form of an abstract stochastic evolution 
equation: 

de{t) + AJ{t)dt + u{t) ■ S/e{t)dt = G{9)dW{t), , . 

9{0) = 60 EH, ^'^■^> 

where u satisfies (1.3). 

We first need to impose some assumptions on G such that (3.2) has a unique solution. Let 
L2{U,H) be the space of all Hilbert-Schmidt operators from U to H and {fn} be an ONB of 
U. Recall that we only consider the subcritical case (i.e. a > |) in this work. Let (3 > 3 he 
some fixed constant. 
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Hypothesis 3.5 Suppose that G satisfies the following conditions: 

i) There exist some positive real numbers Ci, C2, C3 and pi < 2/t such that 

\\GmUu,H) < Ci\e\' + pi|A"^r + C2,ee 

\\Gmiiu,H-^)<c3m' + ^),oeH'^. 

ii) If On, e eH"" and ^„ ^ ^ in H, then for all v G C°°{T^), 

lim \G{9nnv)-G{9y{v)\u = 0, 

where the asterisk denotes the adjoint operator. 

iii) For some p with < 1/p < a — |, there exists some constant C such that 

I C>2\G{W3)?T'^dx <G ( ! \eYdx + l\ , 6 ^H''nLP{T^)- (3.3) 

iv) There exist some constants G and f3i < 2n such that 

\\X-y\G{d,) - G{eMMu,H) < G\A~'/\e^ - 9,)\' + /3i|A"-^(0i - 02)1', 01, e, e H". (3.4) 

Now we give the definition of the (probabilistically) strong solution to (3.2). 
Definition 3.6 We say that there exists a (probabilistically) strong solution to (3.2) on 
[0,T] if for every probability space {fl,J^, {J^t}te[o,T], P) with an J^f-cylindrical Wiener process 
W, there exists an J^^-adapted process 9 : [0,T] x Q ^ H such that for P-a.s. cu E Q 

9{-, u) e L°°([0, T];H)n L\[0, T]; iJ") n C([0, T]; iJ^^) 

and P-a.s. 

{e{t), ip) + fiAll'eis), A]/'^)ds - f\u{s) ■ Vip, e{s))ds = {Oo, + Gieis))dwis), ^) 

Jo Jo Jo 

for all t e [0,T] and all cp G ^^(T^). 

Remark Note that divu = 0, so for regular functions 6 and (p we have 

{u{s)-V{9{s) + ^),9{s) + ^) = 0. 

Hence, 

{u{s) ■veis),ip) = -{u{s) - Vip^eis)). 

This relation justifies the integral equation in Definition 3.6. 

We recall the following existence and uniqueness result from [28]. 

Theorem 3.7 ([28, Theorem 4.3]) Assume a > | and Hypothesis 3.5 hold. Then for each 
initial condition 60 G L^, there exists a pathwise unique probabilistically strong solution 6 of 
equation (3.2) on [0, T] with initial condition 6^(0) = such that 

E sup |A-i/2^(t)|2 < 00. 
te[o,T] 
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Moreover, the solution 9 satisfies 



E sup \\e{t)\\l, + E I |A"e(t)|2cit < oo. 

te[o,Ti Jo 



Now we consider the stochastic quasi-geostrophic equation driven by small multiplicative 
noise: 

dO'it) + AJ'{t)dt + u'it) ■ Ve%t)dt = y/EG{e')dW{t) (3.5) 

with 6'^(0) = 6q ^ L^. Here satisfies (1.3) with 6 replaced by 6'^. By Theorem 3.7, un- 
der Hypothesis 3.5, there exists a pathwise unique strong solution of (3.5) in L°°([0, T], if) fl 
L^([0, T], if") n C{[0,T], H~'^). Therefore, there exist Borel-measurable functions 

/ : C([0, T], F) ^ L°^([0, nH)n L'i[0, T], H^) n C([0, T], i/"^) 

such that r(-) = g%W{-)). 

Now the aim is to prove the large deviation principle for For this purpose we need to 
impose some further assumptions on G. 

Hypothesis 3.8 Assume G satisfies the following conditions: 

i) G{9) is a bounded operator from U to for some 5 > 2 — 2a such that 

WcmmHS) < C(||^||^,*+. + 1), ^ e (3.6) 

and for r := (2 — 2a) V a 

\\GmLiu,Hn < cmiHS^^ + 1), Oe (3.7) 

ii) 

IIG'(^i) - ^(^2)11^) < Cll^i - ^2|k", ^1, 02 e H'^. 
Remark (i) (3.6) can also be replaced by the following condition: 

\\GmLiu,H^-^)<cm\H^ + ^)- 

(ii) Typical examples for G satisfying Hypothesis 3.5 and 3.8 have the following form: for 

oo 

G{e)y = Y,UyJk)ug{e),yeu, 

k=l 

where g G Cj[(]R) and are C°° functions on satisfying 

oo oo 
fc=l k=l 



For V G L^([0,T], U), we consider the following skeleton equation 
de^{t) 



AMt) - u,{t) ■ We,{t) + G{e,)v{t) (3.8) 



dt 
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with 9v{0) = 6q E n . Here satisfies (1.3) with 6 replaced by 6.^. Then by Hypothesis 
3.5 and 3.8 we have 

\\G{9)v\\Lv<C\v\um\Lv + l)\ (Al) 

\\G{e)v\Us<C\v\umW^- + ^)\ (A2) 

\^-"\G{9,) - G{9^))v\ < \v\u{G\^-"\e, - 9^)\ + v^|A"-^(ei - ^2)1). (A.3) 

By a similar argument as in [27, Theorems 3.5 and 3.7], we know that (3.8) has a unique 
solution 9^ e L°°([0, T],H^n L^) n L2([0, T], H^+'^) n C([0, T], H-^). For the completeness we 
include the proof of this result in the Appendix. 

Remark Here we want to emphasize that although by Theorem A.l in Appendix if 9q G 
H^nU\ then we have 9^ e L~([0, T], i/-^ n L^) n /.^([O, T], if'5+°) n C([0, T], Z/"^). However, 
this might be not true for 9^ . This is the reason why we establish the large deviation principle 
for r on L°°([0, T],H)n L2([0, T], i7°) n C([0, T], R-^) (which is the state space of 9') instead 
of L°^([0,T],i7'5) nL2([0,T],i7'5+°) nC([0,T],i7-^). 

Define : C([0, T], y) ^ L°^([0, T], i7) n ^^([0, T], //") n C([0, T], H~^) by 

Q/, X _ J 9.y, ii h = Jg v{s)ds for some ?; G i^^([0, T], ?7), 
^ I 0, otherwise. 

Now we formulate the main result concerning the large deviation principle for 9'^. 

Theorem 3.9 Suppose that Hypothesis 3.5 and Hypothesis 3.8 hold. Then for any 6*0 G 
n LP with p in Hypothesis 3.5 iii), {9'^} satisfies the Laplace principle (hence large deviation 
principle) on L°^([0, T],H)n L'^{[0, T], if") n C([0, T], H''^) with a good rate function given by 
(3.1). 

Proof To prove the theorem it suffices to verify the two conditions in Hypothesis 3.3 so that 
Theorem 3.4 is applicable to obtain the large deviation principle for 9^. 

[Step 1] First we show that the set Km = {o^iJo v{s)ds) : v G Sm} is a compact subset of 
L°°([0,r],ii) nL2([0,T],i7") nc([o,T],i7-^). 

Let {9n} be a sequence in Km where 9n corresponds to the solution of (3.8) with Vn G Sm in 
place of V. By the weak compactness of Sm in -^^([0, T],U), there exists a subsequence (which 
we still denote it by {vn}) converging to a limit v weakly in L'^{[0, T],U). 

Let Wn = 9n — 9y, it suffices to show that Wn (in fact, a subsequence is enough) in 
L~([0,T],iy) nL2([0,T],i7") nC([0,T],i7-^) as n ^ oo. 

Note that Un ■ Vwn G where u„ satisfies (1.3) with 9 replaced by 9^- In fact, we have 

uniform norm bound for Wn by Theorem A.l. And we also have 

\H-c>{un-Vwn,^)H" \ = | V ■ (u„w;„) , v^)/^^ | < | A^v^l | A^^"(n„ ■ u;„) | 
< |AV|(|A1-"+'^^/;„|||^„|Up + \A'-''^''9n\\\wn\\Lp), 

where a = ^ < 2a — 1 and we use divun = in the first equality and Lemmas 2.1, 2.2 and (2.1) 
in the last inequality. Thus by divUn = 0, we obtain 

H-c'iUn ■ VWn, Wn) H'- = 0. (3.9) 
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If 5 < 1 we get 



< C|A"u;„|(|A2-"-V||AX| + |Ai-°+'^-(i-")e,„||A2-°-'5u7„|) 



<C|A"u;„,||A"w;„nw;„|i-^|A'^^„| 



(3.10) 



<--\K''wr.\' + C\K'e,f\wn 



4 



where 7 



2-a-<5 



2o 



2a-2+& ^"^^ div{un — u^) = in the first equahty, Lemmas 2.1, 

2.2 and (2.1) in the second inequahty, the interpolation inequahty and 5 > 2 — 2a in the third 
inequahty and Young's inequahty in the last inequality. 
Similarly, if (5 > 1 we get 

|((u„ - u^) ■ We^,Wn)\ = |(V ■ ((u„ - u^)e^),Wn) \ < | A"u;„ 1 1 A^~" ( (u„ - u^) ■ 9^)\ 

< C|A"tf;„||A^~"+"iu;„||A^^^| 



2 

n I ) 



where < cti < 2a — 1, 71 = ^—^^,Ni = 2a^i~ai div{un — u^) = in the first 

equality. Lemmas 2.1, 2.2 and (2.1), 5 > 1 in the second inequality, the interpolation inequality 
in the third inequality and Young's inequality in the last inequality. 

In the following we only prove the result for 5 < 1 and the argument for 5 > 1 is similar. 

By (3.8) we have 



|u;„(t)P + 2K / lA'^Wnl^ds 
Jo 

Jo 

+ 2 / {G{en)Vn-G{e,)v,Wn)ds 



< 



{{Un - Uy) ■ V6y,Wn)ds 



+ 2 / {iGien)-Gi9,))Vn,Wn)ds 



{G{d^){Vn - v),Wn)ds 



K\A''Wn\^ + G{\A'e,f +\Vn\l)\w^ 



2{G{9,){Vn-v),Wn) 



ds. 



where in the second equality we use (3.9) and in the last inequality we use (3.10), Hypothesis 
3.8 ii) and Young's inequality. 
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Let 

ft 



Kit) := / G{e^){vn-v)ds, 
Jo 

then we have 

sup \\Pkhn{t) - hn{t)\\Hr < / \\{Pk - I)G{6^)\\ L(U,H'-)\\Vn - v\\udt 



te[o,T] 



.T X 1/2 

<{2MY/^{I UPk-I)G{9,)\\l^u,Hr)dt) ^0 asfc^oo. 



Here Pk is the orthogonal projection in H onto the space spanned by ei, ...ca; and we use (3.7) 
and 9y G L^([0,T]; H^~^") which follows from Theorem A.l in the last step. 

Since PkH^ C H^' is compact and Vn v weakly in lv^([0, T]; f/), by (3.7) it is easy to show 
that Pkhn — )■ in C([0, T], i/'') as n — oo (see e.g. [21, Lemma 3.2]) using the Arzela-Ascoli 
theorem (since for any subsequence the limit is the same, this convergence holds for the whole 
sequence). Hence we obtain that /i^ — ^ in C([0, T], if^) as n — oo. 

And we also have 



/ {G{ey){Vn{s) -v{s)),Wn{s))ds 

Jo 

{Wn{t),hn{t)) - / {w'^{s),hn{s))ds 



{Wn{t),hn(t)) + / {AaWn + Un-V9n-U.vV9y,hn)ds 



(3.11) 



- / {G{9n)vn - G{9y)v, hn)ds 
Jo 

=:Ji + I2 + h. 

Note that 

h < e\wnit)\^ + C\hn{t)\^; 
and by Hypothesis 3.5 i) and (A. 4) 

/g < sup \hn{s)\ / {\\G{9n)\\L2{U,H)\Vn\u +\\G{9y)\\L^(^u,H)\v\u)ds 

se[o,T] Jo 

<C sup \\K{s)\\Hr{ [ (|AXr + |A"^„|2 + C)rfs)'/'<C sup \\K{s)\\Hr. 

se[o,T] Jo se[o,T] 

For ip G iir^"^°, we obtain 

\{Un ■ V9n - Uy ■ V6'^,V?)| = |(V ■ {Un9n - U^9y),Lp)\ 

<C|A2°-i(n„^„-nA)||A2-2V| 
<C(|A"ft„P + |A°^,|2)|A2-2"y,|, 

where we use divun = and divu^ = in the first equahty and Lemmas 2.1, 2.2 and (2.1) in 
the last inequality. 
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Hence 
Therefore, 



\Un ■ VOn - ■ V^.||^-(2-2.) < C (|A"^„P + |AX|') • 



h< i {\\AaWn{s)\\H-'- + \\Un-V9n-U^-V9^\\H-(2-2c.))\\K{s) 

Jo 



w 

<C sup / {\\Wn\\H^ + \\0n\\]ic + \\9v\\]ic.)ds 

se[o,T] Jo 

<C sup \\hn{s)\\m, 

se[o,T] 

where in the last step we use (A. 4). 

Then the Gronwall lemma and (3.11) yield that 



ds 



sup k„(t)P + ^ / |A°m„|2ds < C sup WhrMW fexp [c [ {\A'e,f + \vn\l) ds] + l) . 
te[o,r] ^ Jo i6[o,T] V I ^0 J / 

Then by (A. 4) we have 

sup |w„(t)pH — / |A°Wn|^(is — 0, n — > oo. 

iG[0,T] 2 Jo 

[Step 2] Suppose that {v^ : e > 0} C Am for some M < oo and converge to v as S^z-valued 
random elements in distribution. Then, by Girsanov's theorem, 6^^ = g'^iWl-) + ^ jQv'^{s)ds) 
solves the following equation 

de.^it) + Aj,xt)dt + u-e^^{t) ■ ve^Mdt = G{e,Mt)dt + ^G{e,^)dw{t). (3.12) 

Here Uq^^ satisfies (1.3) with 9 replaced by 9^^. 

Since Sm is a Polish space, by the Skorohod theorem, we can construct processes (C^, C, W^) 
such that the joint distribution of (ug. We) is the same as that of (w^, W), the distribution of w 
coincides with that of v and ^ v a.s. as S'M-valued random elements. 

Setting We := ^c. — ^c, it suffices to prove that — > in probability in L°°([0, T], _?/) fl 
L^([0, T], if") n C([0, T], _ff~^). For and Mg^^ we also have similar estimates as (3.9) and 
(3.10). In the following we write Ve = Ve-,W = We for simplicity. 
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Ito's formula and (3.9) imply that 

\We{t)f + 2K [ lA'^Wsfds 



--2 / {-{ug^^ ■ Vey^,We) + {uy ■ VOy, w^)) ds 
Jo 

+ 2 / {G{9yM)ve{s) - G{9y{s))v{s),we{s))ds 
Jo 

+ 2^6 I {ws,G{9yMW)+s [ \\G{9yMUu,H)ds 
Jo Jo 



-2 / {{ue^^-Uy)-V9y,w,)ds + 2 / {{G{9yM)-G{9y{s))X{s),Ms))ds 

(3.13) 

+ 2 / {G{9y{s)){ve{s)-v{s)),We{s))ds 



< 



+ 2^e [\w,,G{9yJdW)+e f \\G{9,MUu,H)ds 
Jo Jo 

f [k\K'^w,\^ + G{\K'9y\^ + W\l)\w,\''] ds 
Jo 



+ 2 / {Gi9y{s))iVeis)-vis)),Weis))ds 

Jo 

+ 2^e f {w,,G{9y^)dW)+e [ \\G{9yMUu,H)ds, 
Jo Jo 



where in the last inequality we use (3.10), Hypothesis 3.8 ii) and Young's inequality. 
Similarly we define 

h,{t)= [ G{9y{s)){ve{s)-v{s))ds. 



Then by the same argument as [Step 1] we know /ie(t) — )■ in C{[0,T], H^) a.s. as e — ?■ 0. 
By Ito's formula and a similar argument as in (3.11) we have 

{Gi9y{s))iv,{s) -v{s)),w,{s))ds 







<e\wM^ + c(l+ [ |A%rrfs) sup \\hs{s)\\Hr - [ {h„G{9y^)dW) 
\ Jo / se[o,T] Jo 



se[o,r] 
Define 

ft 



TL,e:=TAmf{t:\9yM^+ / |A°^..(s)|'ds > L}. 

Jo 

Since 9y^ is weakly continuous in H, ^ is a stopping time with respect to J^t+ = ^s>tJ^s and 
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\9y^{t A Ti^e)| < L. By the Burkholder-Davis-Gundy inequality one has 

V~eE sup I / {we-K,G{e,^)dW)\ 



1 /2 

<C^Eij (|A%|2 + l)rfsJ <Cv^. 
Combining the above estimates with (3.13) and applying Gronwall's lemma we have 



sup + - / |A"u;,|2ds 



< 



C(l+ /" lA^I'cis) sup \\K{s)\\Hr + 2^s sup I /" ^-/^^^(^.JdW^)! 
Jo se[o,T] te[o,T] Jo 

f \\G{e,Ml,iU,H)ds exp jc^"^ (lA^^.r + 1^.19 dT~^ ■ 



Then we have 



sup 

te[o,Ti„^] 2 Jo 

in probability as e — )■ 0. 

By Ito's formula and standard argument (cf. [28, Theorem 3.3]) we have 

T 



sup E[sup \e^^{t)\^+ [ |A"^„^(t)|2rft] < cx). 
se[o,i) te[o,T] Jo 



ee[o,i) te[o,T] 
Let L be fixed. Then for a suitable constant C 

sup P{TL,e = T)>l-y. 
££[0,1) 



Therefore, we have 

ie[o,T] 



sup k£(t)P + - / lA^ty^pds^O 



in probability as e — )■ 0. 

Now the proof of Theorem 3.9 is complete. □ 

4 The small time large deviations in the subcritical case 

In this section, we establish some small time large deviations results for the stochastic quasi- 
geostrophic equation. The proof is mainly inspired by the approach used in [36]. We consider 
the stochastic quasi-geostrophic equation (3.2) again and assume that G satisfies Hypothesis 
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3.5. Then by Theorem 3.7, for ^ L'^ there exists a pathwise unique strong solution of (3.2) 
in L°°([0, T], i7) n ^^([0, T], m) n C([0, T], i/"^) for /3 > 3. 

We assume the following additional conditions on G: 

5.1) There exists a constant L such that for some 5 > 

||G(e)|lL(^,H^)<^(l + 11^11^.), eeH'- 

5.2) There exists a constant Li such that 

||G(ei) - G(e2)|lL{c/,/f) < ^il^i - H\ 0^,02 e H. 



Let e > 0. By the scaling property of the Wiener process, it is easy to see that 9{et) 
coincides in law with the solution of the following equation 

de'{t) + eAJ%t)dt + eu%t) ■ Ve%t)dt = V£G{e')dW{t) (4.1) 

with ^^(0) = 9o. Here satisfies (1.3) with 9 replaced by 9^. 

Let /i^ be the law of on L°°{[0, T], H). Now we formulate the small time large deviation 
principle for (4.1) on L°°([0, T], if) for regular initial value 9q. 

Theorem 4.1 Suppose that S.l) for some 5 > a and 5 > 2 — 2a, S.2) and Hypothesis 3.5 
hold. Then for 9o e n Lp with p in Hypothesis 3.5 iii), satisfies the large deviation 
principle on L°°([0, T], if) with rate function I given by 

/(/)= inf (1 r\v{s)\lds\. (4.2) 

Proof Let be the solution of the stochastic equation 

v%t) =9o + ^ [ G{v%s))dW{s) (4.3) 



and be the law of on L°°{[0,T],H). Then by [21] we know that z/^ satisfies the large 
deviation principle with rate function I given by (4.2). Now it is sufficient to show that the 
two families of probability measures /i^ and z/^ are exponentially equivalent, i.e. for any 77 > 0, 

lim£logP(sup \9'{t) -v^t)]"^ > T]) = -00. (4.4) 



0<t<T 



Then the conclusion in Theorem 4.1 follows directly from [11, Theorem 4.2.13]. 
In the following we assume that 6 < 1 and for 6 > 1 the proof is similar. 
For M > 0, we define the following stopping times: 

r,,M = inf {t > : \\v'{t)\\ls > M}. 

Then we have 

P( sup \9%t) - v%t)\^ > r], sup \\v%t)\\ls < M) 

0<t<T 0<t<T 

<P{ sup \9'{t) -V'{t)\'^ > 7]). 

0<t<TATs^M 



(4.5) 
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Applying Ito's formula to \v'^{t A Ts^m) — 0'^(t A re,A/)p we get 

\v'{t A r,,M) - 0%t A r,,M)|' + 2e^ / |A"(^;^(s) - 9'{s))\'ds 



=2e ' {Aav%s),{v'{s) -9'{s)))ds + 2E {u' ■ VO' , {v' - 9'))ds 

Jo Jo 

+ 2v^ / {v' - r, (Giv') - G{9'))dW) 
Jo 

Jo 

Note that by similar arguments as in (3.9) and (3.10), we have 

=\{u' -Vie' -v'),e' -v') 

+ {u^e -Vv'.e' -V')\ 
<^|A°(^- _ t,-)|2 + C|AV|^|r - if\^ + C|AV|^ 

where u^^ satisfies (1.3) with 9 replaced by v^. Here for the last term we use the following 

I {u,. ■ vv\ e'-v')\ = \{v- {u,.tf), r - if) I 

< G\k''{e' -v')\\K^-''{u,y)\ 

<|A"(^^-<)l|AVr, 

where in the first equality we use divu^^ = and in the last inequality we use Lemmas 2.1, 2.2 
and 5 > (2 - 2a) V a. 

Therefore, by S.2) and Young's inequality we get 

|2 



\v'it A r,,M) - e%t A r,,M)r + 2eK / |A"(t;^(s) - e%s))\'ds 

i-iAT^^M 







<2£ J (^-\A'^{v' -e')\^ + G\A''v'\'^jds 

(^-|A°(r - w")|2 + C|AV|^|r - + C|AV|^j rfs 

+ 2v^ / (i;" - (^(i;") - G'(r))(iW^) 
Jo 



"tAT^^M 

+ eC I \v' -e'l^ds. 



Then by Gronwall's lemma and 5 > a we have 

"tAr^^M 



rtAr^^M 

+ 2v^| / {v' -e',{G{v')~Gie'))dW)\ 
Jo 
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2e I (C|AV|2 + C|AV|^)ds 
Jo 



To estimate the stochastic integral term, we will use the following result from [4, 10], namely 
that there exists a universal constant c such that for any q > 2 and for any continuous martingale 
Mt with Mo = 0, one has 

||M;|U, <cgV2||(M)f |U„ (4.6) 

where = suPq<^<( |Ms|. 

By this result and S.2) we have 

{E[ sup 

0<s<tAT^ M 



eCM^/'^t+Cte 



{eMt + eMHf + qe{E{ / \v'{r) - e'{r)\''dry'^) ''' 

Jo 

{eMt + eMHf + qe [ {E[ sup \v%r) - e'{r)\^Yf/''ds 

Jo 0<r<sAT^,M 



Then Gronwall's lemma yields that 

{E[ sup \v%s)-e'{s)\^Yy/'^ 

0<s<TAt^,m 

Fixing M and taking q = 2/e we obtain 

elogP( sup \e'{t) -v'it)]'^ > 7]) 

0<t<TAT^,M 
E[SUP0<,<TA..,J^^(^)-^^(S)P^] 

<e log 



< log C(£MT + eM^Tf - 2 logr/ + CTe''''''''^'^+^^' + eCM^'/^T + CTe 
— 7- — oo, as e — )■ 0. 

Therefore, by (4.5) there exists Eq such that for every e satisfying < £ < eo, 

P( sup \9'{t) - v'{t)\^ > r/, sup ||^;'(t)||^* < M) < e-^^'. (4.7) 

0<t<T 0<t<T 

By the same argument as in [36, Lemma 3.2] and S.l) we have 

lim sup elogP( sup ||t;^(t)||^i- > M) = -oo. (4.8) 

M-s.ooo<e<i 0<t<T 

Then for any R > 0, there exists a constant M such that for every e G (0, 1] the following 
inequality holds: 

P{ sup \\v'{t)\\ls > M) < e"^/". (4.9) 

0<t<T 

By (4.7) and (4.9), we know that there exists Eq such that for every e satisfying < e < Eq we 
have 

P( sup \9'{t) - v'{t)\'^ >v)< 2e"^/^ 



0<t<T 
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Since R is arbitrary, we obtain (4.4). 

Hence the proof of Theorem 4.1 is complete. 



□ 



Note that the solution of (4.1) is not as regular as in the case of the 2D stochastic Navier- 
Stokes equation. In Theorem 4.1 we use the regularity of v'^ to control the nonlinear term, 
but we can not approximate the initial value in (4.1) to obtain the large deviation principle on 
L°°{[0,T], H) for general initial value in as Xu and Zhang did in [36] for the 2D stochastic 
Navier-Stokes equation since the nonlinear term can not be dominated. To overcome this 
difficulty, now we enlarge the state space of the solution and use norm estimate to control 
the nonlinear term. Then we establish the large deviation principle on L°°([0, T], if~^/^). 

We consider the following condition on G. 
S.3) There exists a constant L2 such that 

\\A-y\G{9^) - G{9,mliu,H) < L2\A^'^\9^ - 62)1', d,,d, e H\ 

Remark Typical examples for G satisfying Hypothesis 3.5 and S.l)-S.3) have the following 
form: for 9 G H"" 

00 

G{d)y = Y,bk{yJk)u9,yeU, 

k=l 

where bk are G°° functions on satisfying Yl'k'=i ^liO — ^ ^^^1 Yl^=i ^ ^ for some 

£ > 0. 

Let be the law of 9^ on L~([0, T], i/-^/^^. Now we formulate our main result about the 
small time large deviation principle for (4.1). 

Theorem 4.2 Suppose that S.l) for 5 > (|-f ) V(a-|) and Hypothesis 3.5, S.3) hold. Then 
for ^0 ^ L^, JJl^ satisfies the large deviation principle on L°°{[0,T], H~^^'^) with rate function / 
given by (4.2). 

It is sufficient to show that the two families of probability measures /i^ and i/^ (for simplicity 
we still use the same notation) are exponentially equivalent, i.e. for any rj > 0, 

lim5logP(sup \A-^^\9'{t) -v'{t))\'^ > 7]) = -00. (4.10) 

^-^0 0<t<T 

Then the conclusion in Theorem 4.2 follows directly from [11, Theorem 4.2.13]. 

In order to show (4.10) we prove a few lemmas in below. 
Lemma 4.3 

lim sup elogP( sup ||^^(t)||^p > M) = -00. 

M-5-ooo<e<l 0<t<T 

Proof We consider the same approximation 6'^'"' to 6*^ as in [28, Theorem 3.3]. We pick a 
smooth function (p >0 such that supp C [1,2] and = 1. Then for a > we define 

POO 

U49]{t):= / (l)iT)iK*R^9){t-ar)dT, 
Jo 

where kcr is the periodic Poisson kernel in T given by k^{() = e-'^l^l, C e and we set 9{t) = 
for t < 0. 
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We take a sequence 5„ converging to and consider the following equation: 

+ eAJ''''{t)dt + eu^'^'it) ■ Ve'^'\t)dt = ^/^h^ * G{e'''')dW{t) (4.11) 

with initial data 9^'"'{0) = ks^ * 9o and m^'" = Us^lO^'""]. For a fixed n, this is a linear equation 
in 6*"'^ on each subinterval [t^, t^_^_l] with = kSn, since m^'" is determined by the values of 6*^'"' 
on the two previous subintervals. 

Then by [28, Theorem 3.3, Step 2] , there exists a weak solution to (4.11) which converges 
in distribution to ^ in ^^([0, T], i/) n C([0, T], i/"^). 

By [20, Lemma 5.1] we have (here we write 6{t) = 6'^''^{t),u{t) = u^'"(t) to simplify the 
notation) 



\mWL.=\\ks^*Oo\\%+e 



t 

pI \0is)\P~''e{s){A'"'e{s) + u{s)-V9{s))dx 

ds 



J 

+ Pv^ [ I \e{s)\p-^e{s)ks„*G{e{s))dxdw{s) 

Jo Jt^ 

<\\OorL. + IpiP - l)e f [ \e{s)r\J2\ks„*G((^(')M)\')dxds 
^ Jo Jt^ ~^ 

\e{s)\p-^e{s)ks„ * G{e{s))dxdw{s) 

n ^ \9{s)rdx + cJiYl 1^^" * G{e{s)){f,)\Y'dx] ds 



+ pV^ [ [ 

Jo Jt^ 



<ll^oll?,. + ^ 



_/n \ _/t2 I ' . 

p^e f [ \e{s)r^9{s)ks^*G{e{s))dxdW{s), 
Jo Jj^ 



where in the first inequality we used divu = and J \6\P^'^6A'^°'d > (cf. [27, Lemma 3.2]) as 
well as Young's inequality in the second inequality. 
Then by Hypothesis 3.5 (iii) we have 



sup ||^(t)||^, <\\9orL,+6GT + Ge f sup \\e{t)\\%ds 

te[0,T] Jo t6[0,s] 

+pV^ snp \ [ [ \e{s)\P~^e{s)ks„*G{e{s))dxdW{s)\. 

0<t<T Jo Jj2 



Therefore, for g > 2 we obtain 



{Ei sup mt)\\ll)y/^ <\\0^i\p^^+eGT + Ge{E{ / sup mt)\\l,dsyy/'^ 

t£[0,T] Jo te[0,s] 



+pV^{e sup I / / \e{s)\p~^e{s)ks„*G{e{s))dxdw{ 

0<t<T Jo Jj2 
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Using (4.6) and Minkowski's inequality we have 

p^{E sup I / / \e{s)\p~^e{s)ks„*G{e{s))dxdw{s)\''y/'' 

0<t<T Jo Jj2 

Jo Jt2 j 

< pc^{E{ sup ii^(.)r,;^( r{ I {J2 * G{e{s)u)\Y'dxy/^dsy/'yy/'^ 

se[o,T] Jo Jt^ j 

< pc^{E{ sup ms)\\i-\ l\ I {J2 \ks. * G{e{s)){f,)\Y'dx)dsy/^ry/^ 

se[o,T] Jo Jt2 j 

<1{E sup \\e{sW^f/'^ + c{p){qerl\E{j\l {J^lks. * G{e{s)){f,)\Y'dx)dsn/'^ 
^ se[o,Tl Jo Jt2 , 



<-[E sup \\Q{s)\Zfl^^c{p){qerl^ 



2 se[o,T] 



where in the last inequality we use Hypothesis 3.5 iii) and Jesen's inequality. 
Hence, 

(E(sup \\em%)fl'^<2\%\l.^eCT^Ce f {E sup \\emZ)"'ds 
ie[o,T] Jo ie[0,s] 



+c(p)(ge)^/2 



Applying Gronwall's lemma we obtain that 



LJo 



{\-.{E\\e{s)ri.)'l') ds 



{E{ sup Wemil))'/'^ < [2\\eo\\l, + ^CT + c{p){qer/'T] exp [CTe + c(p)T(ge)^/2] . 

te[o,T] 

Letting n — oo we get 

iE{ sup 11^(^)11^,))^/" < [2||^o||I. + eCT + c(p)(ge)^/2T] exp [CTe + c(p)T(g5)^/2] . 

te[o,T] 



p( sup ||r(t)r^, > M) < M-^E( sup 

o<t<r t&[o,T] 

letting q = 2/e we get 

£logP( sup \\e'it)\\l, > M) < -21ogM + 21og(E( sup H^l,))'/" 

0<t<T ie[0,T] 

<-2\ogM + 2\og{2\\eo\\l,+eCT + CT) + 2CTe + 2CT. 
Hence the proof is complete. □ 
Since fl is dense in L^, there exists a sequence {^S'} C H^nLP such that 

lim II^^-^oIIlp = 0. 

n— >-oo 
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Let 9'^ be the solution of (4.1) with initial value 9q. From the proof of Lemma 4.3, it follows 
that 

lim sup sup e\ogP{ sup > M) = -oo. (4.12) 

M-5>oo n 0<£<l 0<t<T 

Let be the solution of (4.3) with initial value 6'q. By the same argument as in (4.8) and 
Lemma 4.3 we have the following result. 

Lemma 4.4 For every n G Z"*", 

hm sup £logP( sup i\K{t)\\ls + hmfL.) >M) = -oo. 

M^ooo<£<i 0<f<T 



Lemma 4.5 For every ?7 > 0, 

lim sup elogP( sup ||6l^(t) - 6'^(t) ||^_i/2 > v) = 

n^ooo<e<i 0<t<T 

Proof For M > 0, we define the following stopping time for Nq = — jf^r- 

f,,M = inf{t > : r \\e%t)C^dt > M}. 
Jo 

Clearly, we have 

p( sup mt) - r(t)ii^_,/, > V, f w{t)fjdt < M) 

o<t<T Jo (4.13) 

<p( sup mt)-o%mi^,;,>v). 

0<t<TAfe,M 

Let k he a positive constant and Nq = . Then applying Ito's formula to 

" 2 p 

we get 

+ 2en / e-'^^^o lie^MILp°d-|A— 2(r(s) -^^(s))prfs 

= |A-^(^o - ^o)l' - / e-^^^o ll^^ll-'^ni^'(^)llSlA^^(r(3) - 0^^is))\'ds 

Jo 

- 2e / e-'^^/o ll''^ll.?'^'-(u^(s) . Vr(5) - <(s) ■ Ve^^{s),A~\e%s) - ^^(.)))rf. 

+ 2Vi / e-'^^^o ll^'lli-""''^(A-^/2(^.(^) _ ^^(s)), A-V2(^(^.(3)) _ G(^^(s)))rfiy(s)) 
Jo 

+ e / e-^-^/o ll^^1L."<^^||A-i/2(G'(r(s)) - G(e^(s)))||i^(^,^)d., 
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where satisfies (1.3) with 6 replaced by 
Note that 

Moreover, we also have (cf.e.g. [27]) 

(«-«^)-V^^,A-i(^^-r)) = (4.14) 



and 



<m\LAK-o''\\,A\^^-\el-e^')\\,, 

<c\\u^\\LA\^^\ei-e^)r , (4.15) 

Jri P 

<c'ii^^iuHiA^^(^^-r)ii?/;:.iiA-^(^^-e^)ii';^j^ 

<K\k^~'^ei - r)p + CoWfJ\k'"\ei - 9^)\\ 

where ^ + = 1 and we used that divu'^ = in the first equality and H^/'p U'' in the second 
inequality, the interpolation inequality in the forth inequality and Young's inequality in the 
last inequality. 

Therefore, by (4.14), (4.15) and S.3) 

+ 2en / e-^-^^o "^'(")ll^°^nA"-2(r(s) - ei{s))\^ds 
Jo 

<|A-5(eo - ^o)r - ke / e-^^^o ll''lli-°''ni^'(s)||L^|A-5(r(s) - e^(s))|'rfs 
+ 2e / e-'-^/o "^^^l'^-"'^^(/€|A""2(^^(s) -r(s))|2 + C'o||r(s)||^«|A-V2(^^(s) -r(s))nds 

Jo 

+ / e^'-^^o l''''l'i^^''nA~'/'(^"(s) - ^^(s))|'cis. 







Choosing k > 2Cq and using (4.6) we have 

[E[ sup e-'^^^o "^'('■)ll^'^*|A-i/2(r(s) -^^(s))|2]'')2/'? 

0<s<tAfj-,jv/ 

<2|A-^(^o-OI' 

+C{qe + te^) / (E[ sup e-'^^-^o "^'('■)lli^'''nA^'/'(^'(s) - ^^(s))^]^)^/''^^. 

Jo 0<r<sArE,A/ 
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Applying Gronwall's lemma we obtain 

iE[ sup 6-^=^/0 "^^('^)""^*'|A-i/2(r(s) < 2|A-^(^o -^o)l'e^^^''^'"^^- 

0<s<TAf=e,M 

Hence we have 

{E[ sup \A-'/\e%s) - e'^{s))\yf/'^ < 2e"'^'\A'H0o - ^^)|'e^^(*^+^'^). 

0<s<TAfE_A/ 

Fixing M and taking q = 2/e we get 

sup 5logP( sup ll^^(t) - > V) 

0<£<1 0<t<TAfe.M 

E[SUP0<,<TA..., |A"V2(^.(,) _ ^.(,))|2,] 

< sup e log ^ C4 

<2kM + hg2\A^^eo - ei;)\^ - 2\og7] + c 

— )■ — oo, as n — )■ oo. 

By Lemma 4.3, for any R > there exists a constant M such that for every e G (0, 1] the 
following inequality holds: 

P{ / > M) < P( sup \\e''{t)\\% > < e-^/^ (4.17) 

For such M, according to (4.13) and (4.16), there exists a constant N2 such that for every 
n > N2, 

sup elogP( sup \\e'^{t) - e'{t)\\H-i/2 >ri, [ \\9'{t)\\^°dt < M) < -R. (4.18) 

0<e<l 0<t<T Jo 

Combining (4.17) and (4.18) we conclude that there exists a positive integer N2 such that for 
every n > N2 and e G (0, 1] 

P(sup ||^^(t)-r(t)||^_,/. >r/)<2e-«^ 

0<f<T 

Since R is arbitrary, the assertion of the lemma follows. □ 

The next lemma can be proved similarly as Lemma 4.5. 
Lemma 4.6 For every f] > 0, 

lim sup £logP( sup ||f^(t) - t'^(t) 11^-1/2 > v) = -00. 

n^-oo o<e<l 0<t<T 

Lemma 4.7 For every 77 > and every positive integer n, 

limelogP( sup ll^^(t) - <(t))||^-i/2 >v) = -oo- 



e->0 



0<t<T 
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Proof For M > 0, we define the following stopping times: 

r,:^ = inf{t : + ||<(t)r^, > M}. 

Then we have 

p( sup \mt)-<mi-^f^ > V, sup + iKmi.) < m) 

0<t<T 0<t<T 



<p( sup \mt)-<mi^^,2>ii). 

0<t<TAr^,j,j 

Applying Ito's formula to \A^^/'^{vf^{t A t^j^j) - dl{t A tJ^a/))!^ we get 

Jo 

Jo Jo 



(4.19) 



+ ^ / \\^~'^\G{v^J-G{emliu,H)ds. 
Jo 

Note that by similar arguments as in (4.14) and (4.15), we have 
|«-V^^,A-i«-^^))| 
= |(«-<J-V^^,A"i(^^-<)) 
+ «-V(^^,-<),A-i(e^-<)) 
+ «-V<,A-i(0^,-<))| 

<f |A"-^(^^ - or + c|I<IIl^|a-^/^(^^ - OP + ciKii 



4 

H<5 5 



where ul^ satisfies (1.3) with 9 replaced by v^. Here in the last step for the last term we use 
the following estimate: 

|« -V<,A-i(^,^-<))| = |« -VA-i(e^ -<),<)! < ||^^-<IU.i||<llL. 

<|A"-i(0^-<)||A^<P, 

where ^ + ^ = 1, -L + ^zlll = i and we use i/""^ c L^^ and C L^^ since 5 > - 
Therefore, by S.3) 

|A-'/'«(i A T,y,) - ei{t A r,V))P + 2e«: / lA"-^^ - ei)\'ds 

Jo 

<2e -|A--n< - ei)\' + C|A"-^<rrf. 



+ 2v^ / (A-^/^« - A-^/^(G«) - G{ei))dW) 
Jo 

+ eC • lA-'/'K-ODl'ds. 
Jo 
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Then Gronwall's lemma yields that 

+ 2v^| / {^''"K-ei,),k-''\G{vi)-G{ei))dw)\ 



2Ce I (|A""5<p+||<||^.)rf. 











tAT 



Using (4.6) we have 

{E[ sup \A~'/'K{s)-etXs))m'/'' 



^(j^eCtM'^o/p+Cte 



{eMt + eMhf + qe [\e[ sup \A-'/\v'^{r) - e'^{r))\^]'y/'^ds 



By Gronwall's lemma we obtain that 

{E[ sup |A-^/^«(s)-^^(s))|t)2/« 

Fixing M and taking q = 2/e we have 

eiogp( sup \\em - <mi-^/2 > v) 

0<t<TAT^,M 

E[supo<,<^,.^,JA-^/2K(.)-^^(.))P''] 
^^log ^ -g (4.20) 

< log C{eMT + sM^Tf - 2 log r/ + CTe^^^^-^''°'''+^^^ + eCM^^/^ + CTe 
— 7- — oo, as e — )■ 0. 

Therefore, there exists £o such that for every e satisfying < e < £o; 

P(sup \mt)-<ml-^n>ri. sup (||<(t)||l,. + ||<(t)||^,)<M)<e"«/^ (4.21) 

0<i<T 0<t<T 

By Lemma 4.4 and (4.21), we know that there exists such that for every e satisfying Q < s < Sq 
we have 

P(sup \\ei{t)-vl{t)\\l,.,,>^)<2e~^'^. 

0<t<T 

Since R is arbitrary, the desired result follows. □ 
Now we can finish the proof of Theorem 4.2. 

Proof of Theorem 4.2 By Lemmas 4.5 and 4.6, we have for every R> there exists N2 such 
that 

P( sup ll^^^(t) - r(t)||^_,/, > |) < e-^/^ for any e G (0, 1], 

0<t<T o 

and 



P( sup \\vl,^it) - i;"(t) 11^-1/2 > 7^) < e-^/^ for any e G (0, 1]. 



0<t<T ~ 3' 
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For such according to Lemma 4.7, there exists Eq such that for every e satisfying < s < Eq, 

p{ sup \\e%^it) - v%M\U/^ > ?) < e-'^/^ 

0<t<T O 

Therefore, for every e satisfying < e < Eq we have 

P{ sup \\e'{t) - v%t)\\l_,/, >r])< 3e-^/^ 

0<t<T 

Since R is arbitrary, we have 

hm£logP( sup \A-^/\e%t) - v'{t))\^ >v) = -oo, 

0<t<T 

i.e. (4.10) holds. Hence the proof of Theorem 4.2 is complete. □ 

Appendix 

Theorem A.l Suppose that A.l)-A.3) hold. Then for any 9o G H^nL^ with p in Hypothesis 
3.5 iii), (3.8) has a unique solution 

e L°°([o, T],H^n LP) n ^^([o, T], i/^+") n C([o, t], i/"^) 

and it has the following estimate: 

sup (lA'^.(t)P + We.mip) + r |A'+°^.(s)prfs < C, (AA) 
te[o,T] Jo 

where C is some constant only depending on |A''6'o|, H^'oIIlp,^ and \v\fjds. 
Proof In the following we will assume that 6 < 1. The case for 5 > 1 is similar. 
[Step 1] We first establish the existence of solutions of the following equation 

^ + AJ{t) + wit) ■ V9{t) = K * G{e{t))v{t), (A.5) 
at 

with a given smooth function w(t) which satisfies divw{t) = and sup^gjQ j^] ||w(t)||c3 < C. 
Here * G{9) means for y & U, k^* G{6){y) = k^* {G{6){y)), where kcr is the periodic Poisson 
kernel in given by £(C) = e'^^'^^X e Z^. 
Then we have the following apriori estimate 

^|A=^^|2 + 2k|A3+"^P < 2\{wVe,A^e)\+2\{A^e,A^ks*G{e)v)\. 

By Lemmas 2.1 and 2.2 we have that 

\{A'^^''{w ■ V^), A=^+"e)| < C||m;||c3(t2)|A^-"^||A3+"^| < CIA^^I^ + K|A=^+"e|2, 
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where in the last inequahty we use the interpolation inequality and Young's inequality. 
Note that we also have 



Thus, 



A^A;, * Gi9)v\ < Cia)\\Gie)\\L,iu,H)\v\u < C\v\u{\A''e\ + 1). 



\A^e\^ + /€|a3+°^|2 < c\v\u{\A^e\^ + 1) + c\A'e\\ 



Then by the standard Galerkin approximation we obtain that there exists a solution 9 G 
L°°([0,T],i73) nL2([0,T],i73+a) nC([0,T],i7i) of (A.5). 

[Step 2] Now we construct an approximation of (3.8). 

We pick a smooth > 0, with supp C [1,2] and = 1, and for cr > let 



/■oo 

U„[e]{t):= / (l){T){K*R^e){t-aT)dT, 
Jo 



where fco- is the periodic Poisson Kernel in given by k^{Q = e '^'^',C ^ aud we set 
e{t) = for t < 0. 

We take a sequence 5„ J, and consider the equation 

+ AJnit) + n„(t) ■ Ve^t) = ks„ * G{9n)v{t) {A.6) 

with initial data 6'„(0) = ks„ * Oq and u„ = f/5,J6'„]. 

For a fixed n, this is a linear equation in 6n on each subinterval [^^,^^+1] with = k6n, 
since Un is determined by the values of 6n on the two previous subintervals. 

By [Step 1], we obtain the existence of a solution to (A.6) for fixed n. Moreover by (A.l) 
the solution satisfies the following norm estimate: 



—11/9 r 



< 



P j \enr'9nks^*G{en)vdx<G\v\u{\\9n\\l, + l). 



Here in the first inequality we use divun = and j \9n\^ '^9nh?'^9n > (c.f. [27, Lemma 3.2]). 
Then Gronwall's lemma implies that 



sup ||6'„||^p < (||6'o||^p + / \v\udt)exp{l \v\udt). 

te[o,T] 



By (2.1) we have 



sup IImhIIlp ^ C'(II^o|Ilp + / \v\udt)exp{l \v\udt). 

te[o,T] 



Now we prove the uniform estimate: 

d 
di 



A'5^„|2 + 2k|A^+"^„P < 2\{A\ur,-V9r,),A'9n)\+2\{A'9^,A'ks„*G{9r,)v)\. 
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By [27, Proposition 3.6] we have 
where A^'o = 



"2 p 



By A. 2) we also obtain 

|(A^^„, K'h„ * G{er,)v)\ < C|i;|^|A^e„|(|A^+°e„| + 1) < £|A^+-e„p + C{\v\l\A'en\^ + 1). 
Thus, 

\A'enit)\^ + K f \A'+''en?ds < f [2C\\unfL°\K'en? + C || ^„ || ^° | A V l' + C( | | A^^„ | ^ + 1)] ds. 
Jo Jo 

Note that we have (here we cannot control |A''n„| by |A'^^,J pointwisely in time) 

[ \A^Un\^ds <C [ \A^en\^ds. 
Jo Jo 

Using Gronwall's inequality and norm estimate above we obtain the uniform estimate 
for 6n. 

Then by standard argument we know that 0„ converges to the solution 6^ of (3.8), which 
implies (A. 4). The proof of uniqueness is the same as in [27, Theorem 3.7] by A. 3). □ 
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